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A sernigroup (T(t); t > 0) of linear operators is called of growth order a 2 0 if its 
norm b :haves like tr” as t + O+, essentially. A discrete approximation theorem for 
convergence of a certain sequence of powers of linear operators towards such a 
semigrcup is proved. Due to the low degree of stability required by this theorem, an 
extensic n of the Trotter-Lie product formula can be derived, i.e., a representation of 
the semigroup generated by A + B, where A and B are the infinitesimal generators 
of semiqoups of growth orders a and /3, respectively. 
1. INTRODUCTION 
The not on of an operator semigroup of growth order a was introduced by 
Da Prato [3] for a a natural number and later investigated, e.g., by 
Zatievskii [ 161, Sobolevskii [ 111, and Okazawa [9, lo] who also considered 
fractional values of a. Referring to the monograph of Hille and Phillips [ 6, 
Chap. lo] for the basic definitions of semigroup theory, we have 
DEFINITION 1.1. A semigroup {T(t); t > O} on a Banach space X is 
called of growth order a > 0 (or of class (C,)) if it is strongly continuous in 
t for each t > 0 and satisfies the conditions 
(i) T(t)f= 0 for anfE X and all t > 0 impliesf= 0, 
(ii) there exists an a >, 0 such that /I t”T(t)ll = O(1) as t + O+, 
(iii) the union X, = U,,,, T(t)(X) of the range spaces is dense in X. 
For SUCI semigroups a generation theorem is known which generalizes the 
Hille-Yos da theorem, and also a convergence theorem exists which extends 
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the “continuous” Trotter theorem (see Section 2 for details). The purpose of 
the present paper is to establish a “discrete” convergence theorem (Theorem 
2.4), along with some consequences (Corollary 2.8 and Theorem 2.10), and 
to derive from it an extension of the Trotter-Lie formula (Theorem 3.1) for 
(C,) semigroups. 
The classical Trotter-Lie formula [ 141 states that, given two (C,)- 
contraction semigroups {T(t); t > 0} and {S(t); t > 0) with infinitesimal 
generators A and B, respectively, such that the closure of A + B generates a
(CJ-contraction semigroup {R(t); t > 0}, then R(t) is given by 
The example given by Trotter [ 14; Example 41 shows that if one of the two 
semigroups is not a contraction semigroup, (1.1) may fail to hold and it may 
happen that no extension of A + B generates a semigroup at all. 
Nevertheless it is possible to extend the Trotter-Lie formula (1.1) 
considerably. Indeed, the behaviour of the norms of the single operators 7’(t) 
and S(t) turns out to be less important than that of the composition 
T(t) S(t). If the latter satisfies the weak stability condition of our discrete 
convergence theorem, (1.1) will be shown to hold. In particular, semigroups 
of class (C,) are admitted, as will be shown by an example. 
2. APPROXIMATION OF SEMIGROUPS OF GROWTH ORDER aE [O,l) 
In view of Definition 1.1(i), the infinitesimal generator of a (C,) 
semigroup always exists, and condition (iii) implies that the continuity set 
2 = {fE X; ]j T(t)f-fll = o(l), t -+ 0+} is dense in X. In the following we 
consider (C,) semigroups for 0 < a < 1 only, so that we can make use of the 
integrability property 
Moreover, for each (C,) semigroup {T(t); t > 0) with 0 < a ( 1 one has 
R(i,A)=i:)e-“T(t)& (Re A > q), 
D(A)cC, WI 
I( T(t)/1 < Mt-*ew* (t > 01, 
where R(L, A) is the resolvent of A, D(A) the domain of A, and M, w are 
constants, w > w0 = inf,., t-’ log ]] T(t)]l. 
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For 1atc:r use we formulate the generation theorem due to Zabreiko- 
Zafievskii [ 151, as well as the convergence theorem of Takahashi-Oharu 
[12] and Okazawa [9] in a slightly modified version. Here N denotes the set 
of naturah .
THEOREM 2.1 (Zabreiko-Zafievskii). Let 0 < a < 1. A closed linear 
operator A generates a semigroup of class (C,) tf and only tf 
(i) there exists an w E IR such that {A; A > o} cp(A), where p(A) is 
the resolvtnt set of A, 
(ii) for each I > w and m E N 
M f(m -a) 
llR@~ A)mll G cm _ I)! (A_ W)m-n 
holds, whc re R(& A) = (Ai - A) -’ and M is a constant, and 
(iii) D(A) is dense in X. 
THEORI M 2.2 (Takahashi-Oharu, Okazawa). For each n E N let 
(T,(t); t > 0) be a (C,) semigroup on X for some a E [O, I), with 
infinitesimal generator A,, which satisJes the following conditions: 
(i) There exist constants o > 0, M > 0 such that I( t”T,,(t)\l < Mew’ for 
allt>O, zGN,and 
(ii) there exist a number do > w and an invertible operator R&J 
whose rarge is dense in X such that 
“$2 R@,,A,) = R&J. 
Then thert exists a (C,) semigroup {T(t); t > O} on X with the property that 
s;Jiz T,(t) = T(t) (2.3) 
untformly in t on compact intervals bounded away from zero. Denoting by A 
the infinitesimal generator of (T(t); t > 0}, one also has, for each A> CO, 
s,‘iz R(& A,) = R(;1, A). (2.4) 
Condit on (ii) of Theorem 2.2 can also be replaced by 
(ii’) There are a densely defined closed linear operator A with domain 
and rang? in X and a core D of A with D c D(A,) for n large enough and 
lim,,, A ,f = Af for each f E D. Moreover, there exists 1, > w such that 
(&Z-A)(X) is dense in X. 
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COROLLARY 2.3. Under the hypotheses of Theorem 2.2, with condition 
(ii) replaced by (ii’), it follows that A generates a (C,) semigroup 
{T(t); t > 0}, and (2.3) remains valid. 
Now we turn to a discrete version of Theorem 2.2 which extends the 
discrete approximation theorem for (C,) semigroups (Trotter [ 13, Theorem 
5.31) and the one for Oharu’s class of (C,,,) semigroups ([4, Theorem 11). 
Here the stability condition (a) is essential. 
THEOREM 2.4. Let {Q,} be a sequence of bounded linear operators on X, 
A a closed linear operator with domain and range in X, (h,} a positive null 
sequence, and a E [0, l), with the following properties: 
(a) There exist constants M, K > 0 such that, for j, n E IN, 
11 Q’,ll < M( jh,)-* eKjhn, 
(b) there is a core D of A with lim,,, h;‘(Q, -Z)f = Af for each 
fED, 
(c) D(A) is dense in X, 
(d) for some A0 > K, (1,Z - A)(X) is dense in X. 
Then A generates a (C,) semigroup {T(t); t > 01, and 
s-lim QF”‘“’ = T(t) 
n+m (2.5) 
uniformly in t on compact intervals bounded away from zero. Here [r] 
denotes the integral part of r E R. 
For the proof of Theorem 2.4 we need 
LEMMA 2.5. Let {Q,}, {h,}, and a be as in Theorem 2.4, and assume 
that condition (a) is satisfied. Then for arbitrary E > 0 there exist constants 
n, E N and C, > 0 such that for each t > 0 and n > n, 
Proof: Given E > 0, there is n, E N such that 
h;‘(eKhn - 1) -K Q E. (2.6) 
Moreover, setting C, = (ae-‘(K + E)-‘)~ in case a # 0 and C, = 1 in case 
a = 0, one has, for each t > 1, 
1 < c t-ae’K+W 1 (2.7) 
580/50/3-l 1 
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Now let n > rrO and t > 0. Then we have by (a) 
< 1 + Mt-“ectfhn 
= 1 + Mtrae-“hn{C, + Z,}, (2.8) 
say. Chocsing Co = max{ 1, C,} one has by (2.7) 
1 <tea, if t<l, 
< c t-ne(Kt E)L 
i 1 7 if t>l, 
< Cot-“ew+E’t for each t > 0. 
Estimatin; the two sums in (2.8) by 
(2.9) 
C,<exp $eKhn , 
I I n 
and using (2.6), (2.8), and (2.9), the assertion of Lemma 2.5 follows. 
Proof # Theorem 2.4. Let E > 0 be such that A, > K + E. Using the 
number no furnished by Lemma 2.4, we set 
A, = (Q, -O/h,, if n>n,, 
= (Q,, - W,, 3 if l<n<n,, 
and define 
T,(t) = et’, . (2.10) 
Lemma 2.5 then gives 
I/ T,(t)11 ,< (3M + Co) t +dK + ‘)I (2.11) 
for each t > 0, uniformly with respect to n, so that condition (i) of 
Theorem 2.2 is satisfied. In view of assumptions (b)-(d), also condition 
(ii’) is ;atisfied. Hence Corollary 2.3 implies that A generates a (C,) 
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semigroup {r(t); t > 0) which is the strong limit of the T,(t). The proof is 
completed as usual (cf. [4, Theorem 1 I), using 
LEMMA 2.6. Let {Q,,} satisfy the hypotheses of Theorem 2.4 and let T,(t) 
be defined by (2.10). Given [a, b] c (0, 00) and E, E (0, l/2), there exist 
n, E N and constants M, , M, such that, for each f E X, n > n, , and 
tE [a,b], 
IIT,(t)f - Q!?'!fll <Wh:-” llf II + Mz&, llA,f II- 
We shall use the following obvious variant of Theorem 2.4: 
COROLLARY 2.7. If in Theorem 2.4 the sequence {Q,} is replaced by a 
family {Q,;hE (09h,lJ,f or some h, > 0, with the properties 
(a’) there are constants M, K > 0 such that for j E N, h E (0, h,] 
II Qi II 4 MUh))-” @j”, 
(b’) there is a core D of A with lim,,,, h-‘(Q, -I)f = Affor each 
fED; 
as well as properties (c), (d), then A generates a (C,) semigroup 
{T(t); t > 0}, and 
s-lim Qs,,, = T(t) (2.12) m-m 
untformly in t on compact intervals bounded away from zero. 
As a further corollary we have an extension to (C,) semigroups of the 
exponential formula for (0, A) semigroups ([6, Theorem 11.6.61): 
COROLLARY 2.8. For a semigroup of class (C,), 0 <a < 1, with 
infinitesimal generator A the representation 
s-lim m- 1: R (:,A) I”= T(t) 
holds untformly in t on compact intervals bounded away from zero. 
ProoJ: By hypothesis there is an w > 0 such that (2; II > 9) c p(A). We 
want to show that Q,, = hh’R(hh’, A) satisfies conditions (a’), (b’), (c), and 
(d) above, where h, = l/20.1. 
Condition (b’) holds since D(A ‘) is a core of A and, for f E D(A *), 
Jiyx+ + (+-R ($A)f-f)= jiT+ +R ($,A)Af=Af (2.13) 
--t 
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For the p .oof of (a’) we use property (ii) of Theorem 2.1 i.e., 
=M(jh)-“T(j--a)j”{(j- l)! (1 -h~)j}-‘, (2.14) 
where the factor r(j - a)ja/(j - l)! is bounded as j + ao by a constant C, 
say. Sine: h < 1/(2w), we have log(1 - hw) > -hw/(l - ho) > -2hw, and 
so (2.14) implies that 
Condition :s (c) and (d) being satisfied by hypothesis (cf. Theorem 2.1 (i) and 
(iii)), the assertion now follows by Corollary 2.7. 
In case it is known in advance that A generates a (C,) semigroup and one 
is interested in the mere convergence result (2.5), Theorem 2.4 can be 
modified to become an equivalence theorem. Theorem 2.10 is an extension to 
a > 0 of 1 known equivalence theorem for (C,) semigroups (see [7, Theorem 
1X.3.61 and, in case of contractions, [2, Theorem 1.1 I). For its proof we use 
LEMMA, 2.9. For each n E N let {T,(t); t > 0}, A,, a be given as in 
Theorem 2.2, and suppose that condition (i) of that theorem is satisfied. 
Moreovel’, let {T(t); t > 0) be a (C,) semigroup on X with infinitesimal 
generato]’ A. Then for s-lim,,, T,(t) = T(t) to hold it is necessary that (2.4) 
is satiszzd for each L > w, and it is suflcient that (2.4) holds for some 
1, > cc). 
Proof: The sufficiency is just the assertion of Theorem 2.2. As to the 
necessity, condition (i) and the convergence of T,(t) to T(t) clearly imply 
that (i) also holds for T(t), thus I( T(t)11 < MtTnewt for each t > 0, and 
{A; A > cc) c p(A). Hence we have 
Fco e-” 11 T,(t)f - T(t)f 11 dt < 2M (1 f 11 jam t-ae(w-‘)t dt < 00 
,O 
for each fE X, n E N, and the dominated convergence theorem implies 
as n --f o), for each f E X, L > w, which is (2.4). 
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THEOREM 2.10. Let {Q,}, (h,}, A, and a be given as in Theorem 2.4, 
and ussume condition (a) of that theorem to hold. Let (T(t); t > O} be a (C,) 
semigroup on X which is generated by A. ifI1 QJ-f/j = O(h,), n + co on a 
dense subset of X the following are equivalent: 
(a) there is &, > K such that s-lim,,, R(&, A,) = I?@,,, A), where 
A,=h,‘(Q,-0, 
(p) s-lim,,, QFlhn* = T(t) 
uniformly in t on compact intervals bounded away from zero. 
Proof: Assuming (a) to hold, an application of Lemma 2.5 with E = 1 
gives 
[Iexp tAnI < (3M + C,) t-“e(Ktl)’ (n 2 no> 
for certain constants C,, n,. Setting T,,(t) = efAE (cf. (2.10)), condition (i) of 
Theorem 2.2 is satisfied so that, in view of (a), Theorem 2.2 implies s- 
lim,,, T,(t) = T(t), and by Lemma 2.6 we have 
liT+zp II T&lf - Q!?‘!fll G MA liyyp IIA,f II 
for each I E [a, b], E, E (0, l/2), and each fEX for which \IQ,f-fl\= 
O(h,), n + co. Since the latter set is dense in X it follows that 
II Q:‘“?f- Wf II < II TnWf - Wf II + /I Tn(Of - Q?‘fll 4 0 
as n -+ co, for each f E X, uniformly in [a, b]. 
Conversely, if @) holds, and if 1, > K, E > 0 are chosen such that 
A, > K + E, Lemma 2.5 yields )jexp tA,ll < (3M + C,) t-“e’” + ‘H for n > n,, 
t > 0. As above one obtains 
II T,Wf - Wf II G II Q!‘“!f- Wf II + II Q!‘“+ T,rWf II + 0 
as n + co, for each f E X, and therefore also 
/I T(t)]{ < (3M + C,,)t-ae(x+E”. 
Thus Lemma 2.9 can be applied to yield (a). In fact, (a) holds for each 
A,, > K. 
3. TROTTER-LIE FORMULA 
We want to extend formula (1.1) to the case where {T(t); t > O} is a (C,) 
semigroup and {S(t); t > O} a (C,) semigroup, a,/3 E [0, l), with 
infinitesimal generators A and B, and infinitesimal operators A,, B,, respec- 
tively. The essential requirement will be 
there exist constants M, K > 0, y E [0, 1) such that for each 
jE N, h > 0 Il{T(h) S(h)}jjj <M(~%-~e~j~. (3.1) 
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THEOREM 3.1. Let {T(t); t > 0) and {S(t); t > 0) be (C,) and (C,) 
semigroup s, respectively, with 0 Q a, fi < 1, satisfying (3.1) for some 
y E [0, 1). Suppose that the set D, = {f E X; f, Bf E D(A,) n D(B,)} is a -- 
core of A t B and is dense in X. Then the following are equivalent: 
(i) A t B generates a (C,) semigroup {R(t); t > 0) and R(t)= 
s-lim m+co( T(t/m) S(t/m))“’ holds uniformly in t on compact intervals 
bounded c!way from zero, 
(ii) (&I -A t B)(X) is dense in X for some Jo > K. 
Proof Implication (i) =S (ii) being trivial (cf. Theorem 2.1(i)), assume 
that (ii) folds. We want to apply Corollary 2.7 with Q, = T(h) S(h) and A 
replaced 3y A + B. By (3.1), the stability condition (a’) is satisfied, and 
properties (c), (d) follow by the assumptions. To verify (b’) it suffices to 
prove tha: for each f E D, 
T(h) ‘;” -f = (A + B)$ 
Let f E D,, i.e.,f, Bf E D(A,) and f E D(Bi). Then 
lim T(h)f-f =Af 
h+O+ h ’ 
lim 
h-O+ 
T(h) Bf = Bf, 
Ilh-‘Nhlf -f )-Bfll= O(h) (h --f O+>, 
and thus 
/I T(h) s(h)f -f h -T(h)Bf Il(I(T(h)l[ I(S(h;-f -Bf/( 
= O(h -“h) = o( 1) 
as h + 0--. Hence it follows for each f E Do that 
II T(h) s;)f-f- (A + B)f 11 
< II T(h)f -f _ Af h II 
(3.2) 
which teiids to zero as h + O-l-, and assertion (i) now follows by Corollary 
2.7. 
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In case it is known that A + B is the generator of a (C,,) semigroup, the 
following simpler result holds which we state without proof: 
COROLLARY 3.2. Suppose that {T(t); t > 0) and {S(t); t > 0) are (C,) 
and (C,) semigroups, respectively, satisfying (3.1) for some y E [0, 1) and - - 
that D, is a core of A + B . If A + B generates a (C,) semigroup {R(t); 
t > 0), R(t) has representation (l.l), and this holds uniformly in t on 
compact subsets of (0, a). 
If {T(t); t > 0) and {S(t); t > 0) are (C,)-contraction semigroups, 
condition (3.1) is satisfied with y = 0, so Theorem 3.1 reduces to Trotter’s 
theorem then. Similarly, Corollary 3.2 is an extension of ChernofJ’s result 
PI. 
We further note that in case T(t) and S(t’) commute with each other for 
all values of t and t’, and if a + p < 1, then (3.1) is always satisfied with 
y = a + /3, so that the Trotter-Lie formula then represents a (C, +& 
semigroup. 
Finally, we give an example which shows that the simple dependence 
y = (x +/I may also be valid in cases where T(t) and S(t’) do not commute. 
Let X= IL2 = L2(R) x L2(R) with elements f = (f,,fi) and norm IIf 11 = 
rllfill: + llf2lW”~ where ]] . ]I2 denotes usual L’(lR) norm. Given q E [2,4), 
we define T(t) as an operator from IL2 into L2 by 
(T(tlf)(v) = (e-‘“%(v) + tv4e-“ff2(v), e-‘“‘f,(v)) 
(see [4,5,8]) with infinitesimal generator 
(Af Xv) = 6v’f,(v) + vYdv), -v%(v)) 
D(A) = {f E L2; -v2fl + uqf2 E L’(m), v2f2 E L2(lR)]. 
The domain D(A,) of the infinitesimal operator A,, contains all f E IL2 for 
which v2f,(v) and vqf2(v) are in L’(iR). 
Similarly, the (perturbation) semigroup {S(t); t > 0) is defined, for some 
E > 0, by 
(Wf )(v) = Wefu?Xv)9f2(v)) 
with infinitesimal generator 
(Bf Xv) = b&Xv), Q D(B) = {f E L2; v’f, E L2(fR)}. 
We have (T(t); t > 0) E (Cp,2--l) and {S(t); t > 0) E (C,), and we want to 
apply Theorem 3.1. Clearly D, is a core of A + B since it contains the set of 
functions with compact support in IL2 which is a core, and so D, is also 
dense in L2. The resolvent set of A + B is nonempty and contains each 
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A > 0. By elementary calculations one obtains for each j E N, h > 0 and 
F>O 
II{ T(hj S(h)}‘II < sup 
” 
< Mmax{ 1, (jh)‘-q’2} 
< M(jh)‘-q’2 eKjh max( 1, l/K} 
for a constant M which depends on q only, and some K > 0, and so 
condition 13.1) is satisfied with y = q/2 - 1. Hence Theorem 3.1 implies that 
A + B generates a (Cq,2- ,) semigroup {R(t); t > 0) which is given by 
= (e- (It wf(v) _ E-lvq-2(e-‘ItE)tu* _ e-‘u2)f*(v), e-fu2f,(v)) 
for each f E IL2, t > 0. It is easily seen that, if q > 2, this semigroup is not in 
(C,) for 0 < y < q/2 - 1. 
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